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Abstract 



From geometrical point of view, Eve [2J studied seven means. These means are Harmonic, 
Geometric, Arithmetic, Heronian, Contra-harmonic, Root-mean square and Centroidal mean. We have 
considered for the first time a new measure calling generalized triangular discrimination. In- 
equalities among non-negative differences arising due to seven means and particular cases of 
generalized triangular discrimination are considered. Some new generating measures and their 
exponential representations are also presented. 
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i> , 

(N ■ 1 Seven Geometric Means 

Let a, b > be two positive numbers. Eves [2] studied the geometrical interpretation of the 
following seven means: 



1. Arithmetic mean: A(a,b) = (a + b)/2; 

X. 

2. Geometric mean: G(a, b) = \Jab; 



3. Harmonic mean: H (a, b) = 2ab/(a + 6); 

4. Heronian mean: N(a, b) = ( a + \fab + b) j 3; 

5. Contra-harmonic mean: C(a, b) = (a 2 + b 2 ) /{a + b); 



6. Root-mean-square: S(a,b) = J(a 2 + b 2 )/2; 

7. Centroidal mean: R(a, b) = 2 (a 2 + ab + b 2 )/3 (a + b). 



We can easily verify the following inequality having the above seven means: 

H<G<N<A<R<S<C. (1) 

Let us write, M(a, b) =b fM{a/b), where M stands for any of the above seven means, then we 
have 

f H (x) < f G {x) < f N (x)) < f A (x) < f R (x) < f s (x) < f c (x). (2) 

where f H {x) = 2x/(x + l), f G {x) = ^i, f N ( x) = (x + yft + l)/3, f A (x) = (x + l)/2, f R (x) = 
2 (x 2 + x + l) /3 (x + 1), f s (x) = J(x 2 + l)/2 and fc(x) = (x 2 + l)/(x + 1), Vx > 0, x / 1. In all 
these cases, we have equality sign iff x = 1, i.e., /(.)(1) = 1. 

1.1 Inequalities among Differences of Means 

For simplicity, let us write 

Dab = bf A B(a,b), (3) 

where fuv(x) = fu(%) — fv(x), with U > V. Thus, according to (J3)), the inequality (0 admits 21 
non-negative differences. These differences satisfy some simple inequalities given by the follow- 
ing pyramid: 

D GH ; 

Dng < Dnh; 

Dan < Dag < Dah; 

Dra < D RN < D RG < D RH \ 

Dsr < D S a < D S n < D S g < ^s//; 

^cs < ^Ci? < D CA < D CN < D CG < D CH , 

where, for example, Dgh '■= G — H, Dng '■= N — G, etc. After simplifications, we have the 
following equalities among some of these measures: 

1. 3D CR = 2D AH = 2D CA = D CH = QD RA = \D RH := A; 

2. 3D AN = D AG = |Avg := h; 
3- Dec = 3Drn. 

The measures A(a, b) and h(a, b) are the well know triangular and Hellingar's discriminations |3| 
given by A(o, b) = (a — b) 2 / (a — b) and h(a, b) = \ ( y/a — \/b) respectively. Not all the measures 

appearing in the above pyramid are convex in the the pair (a, b) G R^. Recently, the author [12| 
proved the following theorem for the convex measures. 

Theorem 1.1. The following inequalities hold: 



Mfc^Mi:::!?^ 



DsG < -sDrg 



2^^ — 5 



} < h. (4) 



The proof of the above theorem is based on the following two lemmas 1J81IT0|. 

Lemma 1.1. Let f : I C R+ -^Rbe a convex and differentiable function satisfying /(l) = 0. Consider a 
function 

(pf(a,b) = af ( - ) , a,b > 0, 



. a 

,2 



then the function tpf(a, b) is convex in R+. Additionally, if /'(l) = 0, J7zen the following inequality hold: 

< <ff(a,b) < ( — ^— J Pf'( a , b )- 

Lemma 1.2. Lef /i, fi : I C R+ — >■ R foe too convex functions satisfying the assumptions: 
(0/i(l) = /{(l) = a/ 2 (l) = /^(l)=0; 
(ii) /i and / 2 are twice differentiable in R + ; 
fm) there exists the real constants a, (3 such that < a < (3 and 

«<f^</3, / 2 '(*)>0, 

J 2 \ X ) 

for all x > t/zen we have the inequalities: 

a f h (a,b)< ip fl (a, b) < /3 <p h (a,b), 
for all a, b 6 (0, oo), w/zere the function (j>r.\ (a, 6) is as defined in Lemma 1.2. 

1.2 Generalized Triangular Discrimination 

For all a, b > 0, let consider the following measures 

(a-b) 2 (a + &)' 

M a , & ) = z rt+i— , * e Z (5) 

2*h/o6J 

In particular, we have 

L_i(a,6) =2A(a,6) 

Lo(a,6) = iir(a,6)= ( ° ~ ^ 



\/ab 

r t n ir/ n (a - 6) 2 (a + 6) 



and 



4(a6) c 



L 3(a,b) = 7i(0,i) = ——2 • 

o 8 (ao) 



From above, we observe that the expression (|5} contains some well-known measures such 
as K(a, b) is due to Jain and Srivastava (4), F(a, b) is due to Kumar and Johnson [5], Vl/(a, b) is 
symmetric x 2 ~ measure |8J. While, L(a, b) is considered here for the first time. More studied on 
related measures can be seen in H7ll9l lTTl[13ll . 

Convexity: Let us prove now the convexity of the measure ©. We can write L t (a, b) = bf(a/b), 
ieZ, where 

(x-rffx + D* 



fLt{x) ~ 2*(v^) t+1 
The second order derivative of the function fi t (x) is given by 



(x + 1)* - 1! 
2*+ 2 x 2 (y^) 1 



f'l t (x) = ^^/^ t+1 xMx,t), 



where 



A 7 (x,t) = (t + l)(t + 3)(x 4 + l) + 

+ Ax (x 2 + l) (2 - t) (t + 1) + 2x 2 (3t - 5) (t - 1) . (6) 

From ^ we observe that we are unable to find unique value of t, when the function is positive. 
But for at least t G [-1,2]- (1, §), x > 0, x / 1, we have f'i h {x) > 0. Also, we have f Lt (1) = 0. 
Thus according to Lemma 1.1, the measure L t (a, b) is convex for all (a, b) G R+, i = — 1, 0, 1 and 2. 
Testing individually for fix t G N, we can check the convexity for other measures too, for example 
for t = 3, £3(0, 6) is convex. 

Monotonicity: Calculating the first order derivative of the function f^ t (x) with respect to t, 
we have 

d(f Lt {x)) _ {x-lf{x + l) t f {x + lf \ 

dt (2^)' +1 V 4x J ' 

We can easily check that for all x > 0, x / 1, d (/l 4 (x))/dt > 0. This proves that the function,/^ (x) 
is decreasing with respect to t. In view of this we have 

i±<h<\K<jgV<hF<hL. (7) 

Also we know that h(a, b) < lK(a, b). Thus combining @ and (0, we have 



-' > * < !^ <_ JA > - 



7 £>C7V < J 1 
k 5-D5G < f AfJG 



3A7G < g-^-RG 



V < 



< h < \K < i* < ±F < ±L. (8) 

As a part of ©, let us consider the following inequalities: 

2A < f D CN < \D CG < f D RG <%h < K <\^ <\F <\L. (9) 



Remark 1.1. Here we have considered only the positive numbers a, b > 0. All the results remains valid if 
we consider the probability distributions P,Q e T n , where 



T n = <P = (p 1 ,p 2 ,...,Pr, 



Pi 



> 0,^pi = l ,n>2. 



i=i 



CO In terras of probability distributions the measure L t (a, b) is written as 

Lt(P\\Q) = JZ ^~^ 2{Pl +f , (p,q) e r n x r n> t e z (10) 

C/0 Topsoe jfliy considered a different type of generalized triangular discrimination 

A t (P||Q) = V w g ; 2 j t _ i ; (P,Q)er n xr„, teN + (li) 

i= i (k + ft) 

In this paper our aim is to study further inequalities by considering the possible nonnegative 
differences arising due to ©. 

2 New Inequalities 

In this section we shall bring inequalities in different stages. In the first stage the measures con- 
sidered are the nonnegative differences arsing due to (HJ. This we have done many times until we 
left with one measure in the final stage. 

2.1 First Stage 

For simplicity, let us write the expression I© as 

Wi < W 2 < W 3 < W A < W 5 < We < W 7 < W 8 < W 9 , (12) 

where for example W\ = 2A, W2 = ^-Dqn, Wq = §-DcG/ etc. We can write 



where 



W t (a,b):=bfQ, £ = 1,2,.. .,9, (13) 



2(r - l) 2 
fwi(x) = 2f A (x)= { > , 

x + 1 

24 8(^-l) 2 (2x + 3^ + 2) 
MW = y/cw(z) = 7( g + i) ' 

, . , 8 8(Vi-l) 2 (x + ^+l) 

M(-) = 3/00^) = w ^ ) , 



, , s 2 * 8 (^-l) 2 (2x + ^+2) 
fwM = -f RG {x) = ^-^ . 

fw 5 (x) = 8f h (x) = A(^-l) 2 , 



fw 6 (x) = Ik{x) = 
fw 7 {x) = -h( x ) 



(x-iy 



(x-iy{x + i) 

2x 



and 



fws(x) = -Jf{x) = 2x3/2 



, , , 1 f . (x-l) 2 (x + l) 3 
fw<A x ) = ^Il{x) = — 



(x + 1) 



(x + l) 3 + 48x 3 / 2 



7x 3 / 2 (x + iy 

(x + l) 3 + 16x 3 / 2 



8x 2 
Calculating the second order derivative of above functions we have 

&&) 16 

fw 2 ( x ) 

fw 3 ( x ) 

fwM 
fwM 

fw 7 (*) 
fw 8 ( x ) 



3X 3 / 2 (X + iy 
3(x + l) 3 + 16x 3 / 2 



5x 3 / 2 (x + 1)* 



x 3 / 2 ' 

3x 2 + 2x + 3 

4x^J~ 2 ! 
x 3 + 1 



14x 4 + 2x 2 + 15 
16x 7 /2 ' 



and 



fwg ( x ) 



(x + 1) 



2 (x 4 + l) + (x 2 + l) (x - 1)' 



4x 4 



The inequalities (fl3l) again admits 45 nonnegative differences. These differences satisfies some 
natural inequalities given in a pyramid below: 



n 1 
1J w 2 wv 

U W 3 W 2 - u W 3 Wv 
D WiWi < D WiW2 < D WiWl ; 

n ll < n 12 < n 13 < n 14 < n 15 

n 16 < n 17 < n 18 < n 19 < n 20 < n 21 

n 22 < n 23 < n 24 < r> 25 < n 26 < r> 27 < n 28 
n 29 <r n 30 < n 31 <r n 32 <r n 33 <r n 34 <r n 35 < n 36 

^WgWa - -^VgWV ^ u W 9 W e - U W 9 W^ ^ JJ W 9 W 4 - U W 9 W 3 - U W 9 W 2 - u W 9 Wx- 

where Dy ViWi := W 2 — W\, D^ 7W& := Wj — Wq, etc. After simplifications, we have equalities 
among first four lines of the pyramid: 

7nl _ 21 n 2 _ 3 r,3 _ 15 n 4 _ 35 n 5 _ 

2 LJ W 2 Wi — 8 LJ W 3 W 2 — 2 1J W 3 Wi — 8 U W 4 W 3 ~ 32 1J W 4 W 2 ~ 

-5 D 6 -5 D 7 - 3 n8 _ ln9 -ID") - (v 75 -^) (i 4 \ 

In view of above equalities we are left only with 27 nonnegative convex measures and these 
are connected with each other by inequalities given in the theorem below. 

Theorem 2.1. The following sequences of inequalities hold: 

n 1 < J_nis < J_r>i4 < ni3 < n i2 < n ii < 

1J W 2 W 1 -^ U^WeWi - 13- U W 6 W 2 - u W e W 3 ^ U W 6 W 4 - u W e W 5 ^ 

< n 21 < n 20 < n 19 < n 18 < n 17 < n 16 < 
< n 28 < n 27 < d 26 < n 25 < n 24 < n 23 < / ^V 8 w 7 1 < 

I ^1^9 Wi J 
< ^VK 9 VK2 ^ -^VKgVKa ^ D W 9 W 4 ^ -^VKgVKs ^ ^VKgVKe ^ -^^9^7 ^ D W 9 W S - 0-$) 

Proof We shall prove the above theorem by parts. 

1. For D^y w < ^D^ w : We shall apply two approach to prove this result. 
1 st Approach: Let us consider a function 



9w 2 w 1 _w 6 Wi(x) 



Jw 2 wS x ) __ J\V 2 \ X ) JWi( x ) 



JWfiwS X ) JW e \ X > JWi\ x > 

After simplifications, we have 

8x (x 2 + 2x 3 / 2 + 6x + 2^x + l) 



9w 2 Wi.w 6 w 1 (x) 



_ 3x 4 + 6x 7 / 2 + 20x 3 + 34x 5 / 2 + 
+66x 2 + 34x 3 / 2 + 20x + 6^ + 3 



9w 2 w 1 -W 6 w 1 ( x ) 



and 



48(X " 1)( " + 1) U20x 3 / 2 + 15x + 4^ + l ) (>Q x<l 
( 3x 4 + 6x 7 / 2 + 20x 3 + 34x 5 / 2 + \ \ < x > 1 

V +66x 2 + 34x 3 / 2 + 20x + 6^ + 3 J 

Pw 2 Wi-W 6 w 1 = sup gw 2 w 1 J¥ 6 w 1 (x) = 9w 2 w 1 jv 6 Wi(^) = tt- 
xe(o,oo) i4 



By the application Lemma 1.2 we get the required result. 

2 nd Approach: We shall use an alternative approach to prove the above result. We know that 
PwiWi-WaW! = S-HWi-WWiU) = fwiwS^/fwswS 1 ) = TZ- In order to prove the result we 
need to show that jgD^ eWi - D^ Wi > 0. By considering the difference j^D^ Wi - D^ Wi , 
we have 

1 -U5 n i 1 - — x " • - ' a 



Ta D^ Wi ~ Dw 2Wl = n (W 6 + 13Wi - 14W 2 ) = -^ := 6/ Vl (- 
where 

/ yi (x)= ( ^~ 1) 1 , >0, Vx>0,x^l. (16) 

V^ (x + 1) 

Since V\(a, b) > 0, we get the required result. 

Note: In two approaches applied above, we observe that the second one is easier. Moreover, in some 
cases we are unable to deduce the results by applications of first approach. In proving other parts, we 
shall only apply the second one. Without specifying, we shall frequently use the second derivatives 
fw (x),t = 1, 2, ..., 9 written above. 

2. ForD^ eWi ^ < i|D^ 6W2 : Let us consider a function gw 6 Wi-W 6 w 2 (x) = fw eWl ( x )/ fw 6 w 2 ( x )- 
After simplifications, we have 

3x 4 + 6x 7 / 2 + 20x 3 + 34x 5 / 2 + 



V +66x 2 + 34x 3 / 2 + 20x + 6^/x" + 3 
gwfjWi-WewAx) = ■ 



and 



/ 7x 4 + 14x 7 / 2 + 44x 3 + 74x 5 / 2 + 

V +138x 2 + 74x 3 / 2 + 44x + 14^/x + 7 

14 

(3w 6 Wi-W e w 2 = 9w 6 Wi-W 6 w 2 {~L) = t^ 

^D^ W2 - D% 6Wl = ^(W 6 + 13W, - UW 2 ) = Ivi. 



3. ForD^ eW2 < f§D$ 8Wa : Let us consider a function gw 6 w 2 .w 6 w 3 (.x) = fw 6 w 2 ( x )/ fw 6 w 3 ( x )- 
After simplifications, we have 

/ 7x 4 + 14x 7 / 2 + 44x 3 + 74x 5 / 2 + 

9 V +138x 2 + 74x 3 / 2 + 44x + Uy/x + 7 
9WeW 2 .WeW 3 (x) - - — ^——^-—^-—^^ 

+150x 2 + 86x 3 / 2 + 52x + 18^ + 9 



and 



39 
Pw 6 w 2 -W 6 w 3 = 9w 6 w 2 -W 6 w s (l) = ^ 

% D w e w 3 - Dwm = ^ (4^6 + 35H^ 2 - 39^ 2 ) = ^V ± . 



4. FotD$ 6Ws < t^D$ 6W4 : Let us consider a function gw 6 w 3 -W 6 w 4 ( x ) = fw G w 3 ( x ) / fw 6 w 4 ( x ) ■ 
After simplifications, we have 

/ 9x 4 + 18x 7 / 2 + 52x 3 + 86x 5 / 2 + 
V +150x 2 + 86x 3 / 2 + 52x + 18VX + 9 
gWeWs.WeW^) = / 15x 4 + 3^7/2 + 7fe 3 + 122x 5/2 + 

V +186x 2 + 122x 3 / 2 + 76x + 30^ + 15 

25 
Pw 6 w 3 -W 6 w A = 9w 6 w 3 -W 6 w 4 (l) = XT 



and 



f^&Wi " <w 3 = -^ (4^6 + 21W 3 - 25^) = ^Vx- 



5. ForD^ eW4 < |D^ eW5 : Let us consider a function gw 6 W4-W 6 w 5 ( x ) = fw 6 wS x )/fw 6 w 5 ( x ^ 
After simplifications, we have 

15x 4 + 30x 7 / 2 + 76x 3 + 122a; 5 / 2 + 

+186x 2 + 122x 3 / 2 + 76x + 30^ + 15 
gw 6 W4.-w 6 w s {,x) = — 



15(Vz + l) (x + l) d 

7 

/?W 6 W4_W6W6 = fl'WW.l-WWsU) = r ■ 

and 

6. ForD^ eW ^ < iD^ 7Wi : Let us consider a function g We Ws-WrWt (s) = /w 6 h/ 5 ( x )/./wWi( x )- 
After simplifications, we have 

, , 3^(:r + l) 3 



and 



where 



4 (a; 4 + 5x 3 + 12x 2 + 5x + 1) ' 
Pw 6 W s _W 7 Wi = 9W 6 W B -W 7 Wi(^) = J- 

^ 7Wl - D% eWt = \{W 1 + 4W 5 - Wi - 4^ 6 ) = iy 2 := ^jV 2 (| 

/v 2 (x)== ( ^f "^ >0, Vx>0, x/1. (17) 

x(x + 1) 



7. ForD^ rWi ^ < |f D|° tW2 : Let us consider a function g Wr Wl _w 7 w 2 (x) = fw 7Wl ( x ) / fw 7 w 2 ( x ) • 
After simplifications, we have 

7 (v/i + l) 2 (x 4 + 5x 3 + 12a; 2 + 5x + l) 
gw 7 WiJv 7 W2{ x ) - 



and 



where 



7x 5 + 14x 9 / 2 + 42x 4 + 68x 7 / 2 + 115x 3 + 
+156x 5 / 2 + 115x 2 + 68x 3 / 2 + 42x + 14^x + 7 

28 
Pw 7 Wi-W 7 W 2 = gWrWi-WrWzO-) = Tjjj- 

%D™ jW2 - D% 7Wi = ^(W 7 + 27W, - 2SW 2 ) = ±V 3 := ±bfv 3 (| 



(X + 6 ^ + 1) Qy/ i - l)^ 

x (x + 1) 



AiW= ^ Trr >°> vx> , x/i as) 



8. ForD^ rW2 < fiD^ rW3 : Let us consider a function #w 7 w 2 _ww 3 0*0 = /wW2( x )/^ww 3 ( x )- 
After simplifications, we have 

/ 7x 5 + 14x 9 / 2 + 42x 4 + 68x 7 / 2 + 115x 3 + 

V +156x 5 / 2 + 115x 2 + 68x 3 / 2 + 42x + Uy/x + 7 
9W 7 W2-W 7 W 3 ( X ) = — 



and 



/ 3x 5 + 6x 9 / 2 + 18x 4 + 28x 7 / 2 + 47x 3 + 

V +60x 5 / 2 + 47x 2 + 28x 3 / 2 + 18x + 6^ + 3 

81 
Pw 7 W 2 -W 7 W 3 = 9W 7 W 2 -W 7 W 3 {^) = Tj-Z- 

811 2 

^w 7 w 3 - ®w 7 w 2 = 77 (4^7 + 77iy 2 - 81W 3 ) = -V 3 . 



9. ForD^^ < ff^wWj Let us consider a function gw 7 w 3 .w 7 w 4 {x) = fw 7 w 3 ( x ) / fw 7 w 4 ( x ) 
After simplifications, we have 

/ 3x 5 + 6x 9 / 2 + 18x 4 + 28x 7 / 2 + 47x 3 + 

V +60x 5 / 2 + 47x 2 + 28x 3 / 2 + 18x + 6y/x + 3 
gw 7 w 3 JV 7 w 4 {x) = ■ 



and 



/ 5x 5 + 10x 9 / 2 + 30x 4 + 44x 7 / 2 + 73x 3 + 

V +84x 5 / 2 + 73x 2 + 44x 3 / 2 + 30x + Wy/x + 5 

55 
Pw 7 W 3 _W 7 W 4 = gw 7 W 3 JV 7 Wi(^) = 77 

55 1 2 

-D$ 7Wi - D% rW3 = -(4W 7 + 51W 3 -55W 4 ) = -V 3 . 



10. ForD$ rW < 1 |D 1 ^ rW5 : Let us consider a function gw 7 w 4 .w 7 w 5 {x) = fw 7 w 4 ( x )/ fw 7 w s ( x )- 
After simplifications, we have 



gw 7 W4,-W 7 w 5 \x) 



5x 5 + 10x 9 / 2 + 30x 4 + 44x 7 / 2 + 73x 3 + 
+84x 5 / 2 + 73x 2 + 44x 3 / 2 + 30x + lO^/ic + 5 

5 (x + ^x~ + if (x + l) 3 



10 



17 

Pw 7 W 4 -W 7 W 5 = gw 7 W 4 -W 7 W 5 {l) = rrz 



and 



^D% rWs - D$ 7Wi = 1 (2W 7 + 15W 4 - 17W 5 ) = ^ 



11. ForDj^ < ^D$ 7W& : Let us consider a function ^w^wWeOs) = /w 5 W/4w 6 (4 
After simplifications, we have 

f , 4(x + v / i+l) 2 

gw 7 W$-W 7 Ws\ x ) 



4x 2 + 5x 3 / 2 + 6x + 5^ + 4 ' 
3 



(3w 7 w 5 jw 7 w 6 = 9w 7 w S -W 7 w 6 (K 9 



and 



where 



f^w* " ^ = ^ (^7 + 21^5 - 3W d ) = \V A := ^/y 4 g 



jy 4 (x) = ( ^ 1} >0, Vx>0, x/1. (19) 

x 

12. ForD 1 ^^ < |D^ 8Wi : Let us consider a function g Wr w 6 _w & wA x ) = fw 7 w 6 ( x ) / fw 8 wM)- 
After simplifications, we have 

Ay/x (x + l) 3 (4x 2 + 5x 3 / 2 + 6x + 5y/x + 4) 



15 + 364x 5 / 2 + 30 ^x + 492x 3 + 364x 7 / 2 + 
+150x 9 / 2 + 90x + 90x 5 + 30X 11 / 2 + 15x 6 + 
+257x 4 + 257x 2 + 150x 3 / 2 



Pw 7 W 6 _W 8 Wi = 9W T W 6 -WaWi0-) = o 



and 



where 



D§ 8Wl ~ D$ 7W6 = -(W 8 + 3W 6 -Wi- 3W 7 ) = -V 5 := bfy 5 



/ y5 (x) = ^±^^!>0, Vx>0,x/1. (20) 

13. ForD^ gWi < |f D^ gW2 : Let us consider a function gw 8 w 1 .w 8 w 2 { x ) = fw»wS x )l 'fw 8 w 2 ( x )- 
After simplifications, we have 

/ 15 + 364x 5 / 2 + 30^ + 492x 3 + 364x 7 / 2 + 

7 +150x 9 / 2 + 90x + 90x 5 + 30x n / 2 + 

V +15x 6 + 257x 4 + 257x 2 + 150x 3 / 2 
9WaWi-W 8 W 2 (x) = - 



35 + 828x 5 / 2 + 70^x + 1084x 3 + 828x 7 / 2 + \ ' 
3 | +350x 9 / 2 + 210x + 210x 5 + 70x n / 2 + 
+35x 6 + 589x 4 + 589x 2 + 350x 3 / 2 



11 



Pw 8 Wi -W 8 W 2 = 9W 8 Wi -W 8 w 2 ( 1 ) 



42 
41 



and 



where 



42 97 
—A 27 



D 



28 



, , ->W 8 W 2 - "w 8Wl = Tx (Ws + 41^ - 42^ 2 ) = — y 6 := — bf Ve> ( T ) , 



1 
164 



1 
164 



/v 6 (aj) 



+ 6x 3 / 2 + 22x + 6^ + l) (y/x - 1) 

x 3/2 ( x + i) 



> 0, Vx > 0, x ^ 1. 



(21) 



14. ForD^ sW ^ < if|D^ 8W3 : Let us consider a functioning W2-W 8 M/3(^) = fw 8 w 2 ( x )/ fw 8 w 3 ( x )- 
After simplifications, we have 

35 + 828x 5 / 2 + 70^x + 1084a; 3 + 828x 7 / 2 + 
+350x 9 / 2 + 210x + 210x 5 + 70x n / 2 + 
+35x 6 + 589x 4 + 589x 2 + 350x 3 / 2 



9w 8 w 2 -W 8 w 3 {x) 



45 + 1028x 5 / 2 + 90^/x + 1284x 3 + 1028x 7 / 2 + 
+450x 9 / 2 + 270x + 270x 5 + 90x n / 2 + 
+45x 6 + 739x 4 + 739x 2 + 450x 3 / 2 



and 



Pw 8 W 2 . 



W 8 W 3 



123 n 26 
\\<d U W 8 W 3 



n 27 

u w 8 w 2 



123 

gw 8 w 2 .w 8 w 3 i}) = yy^- 

^ (4W 8 + H9VF 2 - 123^ 3 ) = TT9^6. 



15. ForD^ gW3 < |f D25 gW4 : Let us consider a function gw 8 w 3 .w 8 w 4 0*0 = fw 8 w 3 ( x ) I f'w 8 wS x ) 



After simplifications, we have 



9W 8 W 3 -W 8 W4.( X ) 



45 + 1028x 5 / 2 + 90^/i + 1284a; 3 + 1028a; 7 / 2 + 
+450x 9 / 2 + 270x + 270x 5 + 90a; 11 / 2 + 
+45x 6 + 739x 4 + 739x 2 + 450x 3 / 2 

75 + 150^ + 1189x 2 + 450x 5 + 1884x 3 + 
3 ! +75x 6 + 150a; 11 / 2 + 450a; + 1189x 4 + 

+750x 3 / 2 + 750a; 9 / 2 + 1628x 7 / 2 + 1628a; 5 / 2 

85 



Pw 8 W 3 -W 8 W 4 — 9W 8 W 3 -W 8 wA^) — 777- 



and 



85 n 25 



n 26 

U W 8 W 3 



4W 8 + 81W 3 



85 W 4 = =rV 6 
ol 



16. ForD 2 | sW4 < || D^ gWs : Let us consider a function gw 8 w 4 -W 8 w 5 (x) 
After simplifications, we have 



fw 8 w 4 ( x )/fw 8 w 5 ( x >- 



gw 8 w 4 -w 8 w B (x) 



75 + 150^ + 1189a; 2 + 450x 5 + 1884x 3 + 
+75a; 6 + 150a; 11 / 2 + 450a; + 1189x 4 + 
+750x 3 / 2 + 750a; 9 / 2 + 1628a; 7 / 2 + 1628a; 5 / 2 

75(x + l) 5 ( v / x"+l) 2 
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and 



27 
Pw 8 w 4 -w s w 5 = gw 8 w 4 -w 8 w 5 ( x ) = 9i 

Y 5 D WsW 5 ~ D§ aW4 = ^ (2W 8 + 25W 4 - 27K 5 ) = ±V 6 , 



17. ForD^ sW(; < |D^ gW6 : Let us consider a function gw 8 w 5 .w 8 w 6 ( x ) = fw 8 w 5 ( x ) / fw 8 w 6 ( x ) ■ 
After simplifications, we have 

5(x + l) 2 

5 
/3iy 8 W5_w 8 W6 = gw 8 w B jy 8 w 6 0-) = j 

\d 2 4 sW6 - D% aW5 = \(W 8 + 4W 5 - 5W 6 ) = \v 7 := \bfy 7 (| 

M(x)= (X + 6 ^+3 1 / l ( ^- 1)6 >0, Vs>0,s*l. (22) 

Since ./WsWs-WWsOe) > 0, Vx > 0, x/1, hence proving the required result. 

18. ForD WgW(? < 2D^ 8W7 : Let us consider a function gw 8 w 6 _w 8 w 7 ( x ) = f'w 8 wS x )l 'fw 8 w 7 ( x )- 
After simplifications, we have 

, . (l5x 2 + 18x + 15)(Vi+l) 2 



and 



where 



15X 3 + 14x 5 /2 + 13 X 2 + 12x 3/2 + 13x + U ^ + 15 ' 
f3w 8 W 6 JV 8 W 7 = flUWe-WWrW = 2 - 



and 



where 



2D§ sW7 - D§ 8W6 = Ws + W e - 2W 7 = -V, := -bf Vs ( ^ 



1 

4 ' ° I . " ■" " V 6 



fv 8 (x)= {V * + 1)2 Jf 1)6 >0, Vx>0, x^l. (23) 

19. ForD^ 8We < |D^ gWi : Let us consider a function #hw 6 -WWi(» = fw a w 6 ( x )/fw 9 Wi( x )- 
After simplifications, we have 

3^/x (x + l) 3 (5x 2 + 6x + 5) 
Pw 8 We,-W 9 Wi = gWaWe-WgwAl) = „■ 



^^ - £>^ 8Wb = i (W 9 + 2W 6 -K x - 2W 8 ) = ^-V 9 := ±bf Vg '" 



and 

2~ W9wi — w 8 w6 9 v " a ' — u "^ — °' 16 ' " " 16" ^ V9 V 6 
where 

(^+l) 4 ( v / 5 : -l) 8 



/y9(x)= 16^(x + l) >0 ' V * >0 '^ L < 24 ) 
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20. ForD;$ gWi < || D^ gW2 : Let us consider a function g Wg Wl _w 9 w 2 (x) = fw 9 wS x ) I 'fw 9 w 2 ( x )- 
After simplifications, we have 

7 (x + 3) (3x + 1) (x 4 + 2x 3 + 6x 2 + 2x + l) (y/x + if 

gw 9Wl .w 9 w 2 (x) - + 42 ^_ - 42 ^ 13/2 - 2 ^ 7 - 39 ^ 5 - 77 ^ 3+ , 

+399x 2 + 775x 4 + 960x 7 / 2 + 566x 5 / 2 + 133x+ I 
\ +224x 3 / 2 + 224x n / 2 + 566x 9 / 2 + 133x 6 

fl fl 56 

PW9W1JY9W2 — 9WgWiJWgW2\ X ) — 77 

5 -D§ gW2 - D§ 9Wl = ^(W 9 + 55W 2 - 56K 2 ) = -^V w = ±bfr 10 



and 
where 



/ x 3 +6x 5/2 + 23x 2 + \ (r _ U 6 

l +68x 3 / 2 + 23x + 6VS+l { ' 
f Vw (x) = ± 27"4n > 0, Vx > 0, x / 1. (25) 

X z (X + lj 

21. ForD^ gW2 < ipD^ 9W3 : Let us consider a function gw 9 w 2 .w 9 w 3 {x) = f'w 9 w 2 ( x ) I fw 9 w 3 ( x ) 
After simplifications, we have 

21 + 42^/x" + 42x 13 / 2 + 21x 7 + 399x 5 + 775x 3 + 
+399x 2 + 775x 4 + 960x 7 / 2 + 566x 5 / 2 + 133x+ 
v +224x 3 / 2 + 224X 11 / 2 + 566x 9 / 2 + 133x 6 

9W 9 W 2 JW 9 W 3 \ X ) = / „ ro 7= „ 7 QOQ 4 , ivi 5 1 ?7 6 , 

/ 9 + 18 vx + 9x' + 323x + 171x + 57x + 
7 +323x 3 + 171x 2 + 18x 13 / 2 + 96x n / 2 + 

\ +238x 9 / 2 + 238x 5 / 2 + 57x + 96x 3 / 2 + 384x 7 / 2 

r m 165 

Pw 9 w 2 jv 9 w 3 = 9w g w 2 jv 9 w 3 {i-) = t^t- 

and 

165 1 1 

J0l D w 9 w 3 - D% 9W2 = — (4W 9 + 161W 2 - 165W 3 ) = ^io- 

22. ForD^ gW3 < i^fD^ gW4 : Let us consider a function ^w^Ws.wbWi^) = fw 9 w 3 ( x )/fi 
After simplifications, we have 

/ 9 + 18^/x + 9x 7 + 323x 4 + 171x 5 + 57x 6 + \ 
5 +323x 3 + 171x 2 + 18x 13 / 2 + 96x n / 2 + 

\ +238x 9 / 2 + 238x 5 / 2 + 57x + 96x 3 / 2 + 384x 7 / 2 / 

9W 9 W 3 .W 9 wA x ) = ~. ^ - 3Q ^ - g5x - 386x9/2 - 576x 7/2 + 7 

3 +160x 3 / 2 + 95x 6 + 30x 13 / 2 + 160X 11 / 2 + 15x 7 + j 
\ +517x 4 + 285x 5 + 517x 3 + 285x 2 + 386x 5 / 2 ' 

Pw 9 w 3 .w 9 w 4 = 9w 9 w 3 -W 9 w A 0) = ttt 

and 

^D§ 9Wi - D% gWs = -^ (iW 9 + IIIW3 - 115W4) = ±V 10 . 



w 9 wA x > 
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23. ForD^ gW4 < ^B^ gW5 : Let us consider a function gw 9 w 4 -W 9 w 5 (x) = fw 9 wS x ) I 'fw 9 w 5 (. x ) • 
After simplifications, we have 

15 + 30^/S + 95x + 386x 9 / 2 + 576x 7 / 2 + 

+160x 3 / 2 + 95x 6 + 30x 13 / 2 + 160a; 11 / 2 + 15x 7 + 

v +517x 4 + 285x 5 + 517x 3 + 285x 2 + 386x 5 / 2 
9w 9 w 4 .w 9 W5i x ) 



and 



3 / 3x 4 + 6x 7 / 2 + 10x 3 + 14x 5 / 2 + 
^ + ^ V + 18x2 + 14 ^ 3/2 + Wx + 6 v^ + 3 

37 
Pw 9 W 4 _W 9 W B = 9W 9 W 4 -W 9 W 5 ( l ) = ^7 

37 1 1 

35^ 9Wb " Dw 9 w 4 = 35 (2^9 + 35^4 - 37W%) = ^10 ■ 



24. ForD§£ BW < lD^ gWe : Let us consider a function tfwws.wWesOzO = fw w 6 ( x )/fw w e ( x )- 
After simplifications, we have 

3x 4 + 6x 7 / 2 + 10x 3 + 14x 5 / 2 + 

v +18x 2 + 14x 3 / 2 + lOx + 6^x + 3 
9W 9 W 5 .W 9 W 6 { X ) 



and 
where 



/ 3x 3 + 3x 5 / 2 + 4x 2 + \ ' 

(x + V^ + 1) ^ +ix 3/2 + ix + 3 ^ + 3 ) 

7 

Pw 9 W 5 _W 9 W 6 = 9W 9 W 5 JV 9 W 6 0-) = g 

7 -D% gW6 - D§ gWs = l -(W 9 + 6W 5 - 7W 6 ) = ±V U ■= ^bf Vll (| 

(x 2 + 6x 3 / 2 + 22x + 6Jx + l)(y/x- l) 6 
fvn ( x ) = r^ — L > 0, Vx > 0, x / 1. (26) 

x z 

25. ForD^ sW < |D^ gWf ,: Let us consider a function gw 8 w 2 _w 9 w 6 ( x ) = fw 8 w 2 ( x )/ fw 9 w 6 ( x )- 
After simplifications, we have 

r / 15x 3 + 14x 5 / 2 + 13x 2 + 

^ X V +12x 3 / 2 + 13x + 14^/x" + 15 
9w 8 w 2 -W 9 w 6 {x) 



and 



, , r- n , ( 3x 3 + 3x 5 / 2 + 4x 2 + \ ! 

4(x + ^ +1) U^ 3 / 2 + 4x + 3^ + 3j 

Pw 8 w 2 -W 9 w 6 = 9w 8 w 2 -W 9 w 6 (l) = o 

^Wi,W 8 " ^ 8 W 7 = 7^ (^9 + 3^7 - W 6 - 3W 8 ) = ±V 12 := ±bf V3 v h 



where 

fv 12 (x) = iV * + ^ ^ ~ 1)8 > 0, Vx>0, x/1. (27) 

x z 
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26. ForD^ gW(; < §D^ gW7 : Let us consider a function gw 9 w 6 jv 9 w 7 (x) = fw 9 w 6 ( x )/fw 9 w 7 ( x )- 
After simplifications, we have 



, , rM ,/3i 3 + 3x 5 / 2 + 4x 2 + \ 

(X + VX+1) ^ +ix 3/2 +ix + 3V ^ +3 ) 



and 



with 



9w 9 W 6 .W 9 w 7 (x) - ; , , — —> 

3(x + l)(x 2 + l)(^+l) 

3 

PwgW 6 JV 9 W 7 = 9W 9 W 6 JV 9 W 7 (^) = 7} 

\l>W»W 7 ~ D% 9 w 6 = \{Wv + 2W e - 3W 7 ) = ±V 13 := bf Vl3 (~ 

fv 13 (x) = - — y — 2 — ->0, Vx>0, x^l. (28) 



27. ForD-™ gW ^ < 2D^ gW8 : Let us consider a function gw 9 w 7 -W 9 w s (x) = fw 9 w 7 ( x )/fw 9 w s ( x )- 
After simplifications, we have 

12(x + l)(x 2 + l)(^+l) 2 
9W g W 7 _W 9 W 8 { x ) - 



12x 4 + 9x 7 / 2 + 10x 3 + llx 5 / 2 + 
+12x 2 + llx 3 / 2 + lOx + Vi + 12 



Pw 9 w 7 jv 9 w s = gw 9 w 7 -w 9 w 8 (l) 



and 



ir.,ir, " ■'- / it,Ur >"> -'- " 7 -- ";•; - g^i4 :- -6/y 14 (^ 



where 



fc(l) = M(M(^ >0 , V*>0,^1. (29) 

Combining the results 1-27, we get the proof of ([15]). □ 

Remark 2.1. Based on the equalities given in (fill ) we /wye the following proportionality relations among 
the six means appearing in Section 1: 

1. AA = 2(C + H) = 3R + H; 7. 3N + 1A = 2C + 2H + G; 

2. 3i? = C + 2A = 2C + iT; 8. 27R + 2G = UA + 9C + 6iV; 

3. 3iV = 24 + G; 9. 3 (iV + 3i?) = 8A + 3C + G; 

4. 3C + 2F = 3R + 2A; 10. 3G + 8H + 9C = 3R + 8A + 9N; 

5. C + 6A = H + QR; 11. AG + UH + 17C = 9R + UA + 12N; 

6. C + 3N = G + 3R; 12. 5G + 2AH + 31C = 2LR + 24,4 + 15iV. 
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2.2 Reverse Inequalities 

We observe from the above results that the first four inequalities appearing in pyramid are equal 
with some multiplicative constants. The other four inequalities satisfies reverse inequalities given 
by 

< 14 D 14 <6nl3 <10 D 12 < onll 

9 n 16 < n 17 < n 18 < n 19 < n 20 < n 21 < 

<- 28 n 20 <- 12 n 19 <-• 20 n 18 <r 4 n 17 <-- on^ 

- ST-^'WVWa — TT^WrWs - rf^lVr^ — 3^VK 7 IV 5 — zlj W 7 Wqi 

/ 42 n 27 <- 18 n 26 <- 10 n 25 <- 6 n 24 / 3 n 23 <- q n 22 

-^ 41-^1^8^2 - IT^WsWa — 9 U W%Wa — S^WslVs — 2 iy WW 6 — Jiy WW7' 

a n 29 <r n 30 <r n 31 <r n 32 <r n 33 <r n 34 <r 

<r n 35 <r n 36 <r 56 r> 3 5 <- 24 r>34 <- 40 n 33 <■ 

< 8 D 32 <4n31 <2D 30 < 4D 29 

Remark 2.2. It is interesting to observe that in first and second case there is difference of only 2 in between 
first and last elements. While, in the third case is of 3 and finally, in the forth case is of 4. 

2.3 Second Stage 

In this stage we shall bring inequalities based on measures arising due to first stage. The above 27 
parts generate some new measures given by 

Vt(P\\Q):=Y.qifv t (-Y t = 1,2,..., 14, (30) 

where fy t (x), t = 1, 2, ..., 14 are as given by ((T6)) - ((2"9|) respectively. In all the cases we have fy t (1) = 
0, t = 1, 2, ..., 14. By the application of Lemma 1.1, we can say that the above 14 measures are 
convex. We shall try to connect 14 measures given in ((30)) through inequalities. 

Theorem 2.2. The following inequalities hold: 

* < l^ 3 < { fy fi "< f ^Vfo ^ } * ^" * ^ 13 * ^ 4 (31 > 

I 36 V6 — 128 Vl ° J 



and 



V 2 < \V h < IF 9 < lV 12 . (32) 



Proof. We shall prove the above theorem following the similar lines of Theorem 2.1. Since, we 
need the second derivatives of the functions given by (fl6l)-<f29T> to prove the theorem, here below 
are their values: 
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, r _ ,4 ( 3x 3 + 12x 5 / 2 + 25x 2 + \ 

(VX j V +40x 3 / 2 + 25x + 12 v^ + 3 ) 
fvi(x) ~ 4xV2 ( X + 1)3 

2f /t^W * 3 + 3* 5/2 + 6x 2 + ^ 

,„ . . _ W ' \+8x^ + 6x + 3^+l J 

Jv 2 ( x ) ~ 77 —73 ' 

x 6 (x + 1) 



fn( x 



r _ .4 / x 4 + 4x 7 / 2 + 13x 3 + 24x 5 / 2 + \ 

WX ' V +36x 2 + 24x 3 / 2 + 13x + 4^i + 1 ) 



V * K ' ~ 37 — T7T3" 

x a (x + lj 
(Vi-l) 4 (4x + 7Vi + 4) 
4x 3 



r _ 6 ( 15x 4 + 42x 7 / 2 + 108x 3 + 174x 5 / 2 + \ 

^ X ~ ' V +218x 2 + 174x 3 / 2 + 108x + 42^/x" + 15 ) 



fvM ~ ; ,,.,, . .,3 



4x 7 /2 ( x + 1) 

3x 5 + 12x 9 / 2 + 39x 4 + 96x 7 / 2 + 
5(y/x- l) 4 [ +166x 3 + 232x 5 / 2 + 166x 2 + 
+96x 3 / 2 + 39x + 12^/x + 3 

4x 7 / 2 (x + I) 



fv 6 ( x ) ~ . ,/,, , 1X 3 



.. , N 15 (y/x - l) 4 (x 2 + 4x 3 / 2 + x 2 + 6x + Ay/x + V 
fv 7 ( x ) = ; 



fv s ( x ) 



fvA x ) 



4x 7/2 

(y/x - l) 4 (I5x 2 + 28x 3 / 2 + 34x + 28^/i + 15) 
IxV 2 ' 

2 ( r _ 1 , 6 / 6x 4 + 9x 7 / 2 + 32x 3 + 35x 5 / 2 + \ 

U/X + lj ^ J- J ^+60x 2 + 35x 3 / 2 +32x 2 +9 v /x"+6y' 



^W 7771 , 1X 3 



x 4 (x + l)' 

/ 3x 6 + 12X 11 / 2 + 40x 5 + 100x 9 / 2 + 217x 4 + 
2 (Vx - l) 4 +352x 7 / 2 + 472x 3 + 352x 5 / 2 + 217x 2 + 
\ +100x 3 / 2 +40x + 12Vi + 3 

MoW - 77 — 7773 

x 4 (x + 1) 

„, r _^( 3x 3 + 12x 5 / 2 + 31x 2 + \ 

t „ , , WX } V +43x 3 / 2 + 31x + 12Vi + 3 y ' 

/v„W = - 4 

.. t s (^i-l) 6 (l2x 2 + 27x 3 / 2 + 34x + 27^ + 12) 
fv 12 ( x ) ~ " 



2x 4 



fvJ x ) 



4 / 3x 3 + 12x 5 / 2 + 19x 2 + \ 

WX > V +22x 3 / 2 + 19x + 12^x" + 3 J 



Vis{ ' ~ x 4 
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and 



r _ 4 ( 6x 3 + 9x 5 / 2 + 10x 2 + \ 

„ WX ' V +10x 3 / 2 + 10x + V^ + 6 ) 

fviA x ) — ii 



We shall prove the above theorem by parts. In view of procedure used in Theorem 2.1, we 
shall write the proof of each part in very summarized way. 

1. ForVi(a,b) < |Vs(a,b): Let us consider a function gviJV 3 (x) = f Vl (x)/ 'fy(x). After sim- 
plifications, we have 

/ 3x 3 + 12x 5 / 2 + 25x 2 + 

X V +40x 3 / 2 + 25x + 12^/x" + 3 
g Vl .v 3 {x) = - 



24x 3 + y/x + 36x 5 / 2 + 13x 3 / 2 + 
+24x 2 + Ax + 13x 7 / 2 + x 9 / 2 + 4x 4 



and 
where 



PviJV 3 = 9Vi-V 3 (l) - o 



±V 3 (a,b) - Vi(o,6) = |C/i(a,6) = §6.fa (f) , 



x-1) 8 



M(x)= y \ — f: >0, Vx>0, x/1. (33) 

x (x + 1) 



2. For Vs(a, b) < 4V4(a, b): Let us consider a function <?y 3 _y 4 (x) = /y„(x)//y 4 (x). After sim- 
plifications, we have 



SVs-ViOs) 



, , 24x 3 + y/E + 36x 5 / 2 + 13x 3 / 2 + 
+24x 2 + 4x + 13x 7 / 2 + x 9/2 + 4x 4 



(4x 3 / 2 + 7x + 4^/x) (x + l) 3 

/3y 3 -V 4 = SVa-ViU) = 4 
and 

4V 4 (a, b) - V 3 (a, b) = 3t/i(o, 6). 

3. ForV 4 (a, b) < |VV(a, b): Let us consider a function sy 4 _y 7 (x) = fy 4 (x)/f v (x). After sim- 
plifications, we have 

. . 2 (4x 3 / 2 + 7x + 4^/x) 



and 



where 



15 (4a/x + 6x + 1 + x 2 + 4x 3 / 2 ) 

PV4J/7 = gvi-v-!^) = 77 
^v 7 (a, 6) - y 4 (a, b) = l -u 2 {a, b) = hf U2 (I 

^ 2 (^)= ( ^ 3 7 2 1) >0, Vx>0, x/1. (34) 
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4. For Va(a, b) < |Ve(a, b): Let us consider a function <?y 3 _y 6 (x) = f v (x)/f v (x). After sim- 
plifications, we have 

24x 3 + ^/x + 36x 5 / 2 + 13x 3 / 2 + 
, +24x 2 + 4x + 13x 7 / 2 + x 9 / 2 + 4x 4 



and 



where 



,, 166x 2 + 96x 3 / 2 + 12^/x" + 39x + 3 + 3x 5 + 
+232x 5 / 2 + 12x 9 / 2 + 96x 7 / 2 + 166x 3 + 39x 4 



2 
/3y 3 -V 6 = m.Vei 1 ) = g 

F 6 (a,6) -V 3 (a,b) = ^U 3 (a,b) = hfa Q 



, .. ( v / x"-l) 8 (2x + 7 v / x" + 2) ^ a „ 

fu 3 (x) = — 'I v ->0, Vx>0, x/1. (35) 

x J /^ (x + 1) 

5. For V 6 (a, b) < ^Vi (a, b): Let us consider a function flv 6 _v 10 (x) = fv 6 (,x)/f v (x). After 
simplifications, we have 

/ 166x 2 + 96x 3 / 2 + 12^ + 39x + 3 + 3x 5 + 

X V +232x 5 / 2 + 12x 9 / 2 + 96x 7 / 2 + 166x 3 + 39x 4 
9v 6 .v 10 (x) = — 



12x 6 + 100x 2 + 40x 3/2 + 3 yfx + 12x+ 
8 | +100x 5 + 217x 5 / 2 + 217x 9 / 2 + 472x 7 / 2 + 
+352x 3 + 352x 4 + 40x n / 2 + 3x 13 / 2 



This gives /3y 6 _y 10 = #v 6 _v 10 (l) = 35 • Let us consider now, 
and 



^V 10 (a,b) - V 6 (a,b) = ^U 4 (a,b) = ±bf U4 Q , 



where 



(Jx- l) 8 (9x 2 + 40x 3 / 2 + 86x + 40^/x" + 9) 

fuAx) = ~ — jT-— tt ^>0, Vx>0, x/1. 36 

x z (x + 1) 

6. For Vio(a, b) < yVn(a,b): Let us consider a function gvio-Vn(x) = fv 10 ( x ')/fvu( x )- After 
simplifications, we have 

12x 6 + 100x 2 + 40x 3/2 + 3^ + 12x+ 
+100x 5 + 217x 5 / 2 + 217x 9 / 2 + 472x 7 / 2 + 
x +352x 3 + 352x 4 + 40X 11 / 2 + 3x 13 / 2 
9v 10 -Vii(x) 



43x 2 + 31x 3 / 2 + 3v^+ \ ( , , v -i 

+12x + 31x 5 / 2 + 3x 7 / 2 + 12x 3 ! [J + 



. 16 

PVio-Vn = gVw-Vui*-) = ~g 
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and 

16 

where 



V n (a,b) - V 10 (a,b) = 7 -U 5 (a,b) = 7 -bf U5 Q , 



/N (Jx - l) 8 (x 2 + 8x 3 / 2 + 38x + 8v/x + l) , x 

fu 5 (x) = - ^ T — -r ^>0, Vx>0, x^l. (37) 

x z (x + 1) 

7. ForV 6 (a, b) < |V"7(a, b): Let us consider a function gy 6 _y 7 (x) = fv 6 (x)/fy 7 (x). After sim- 
plifications, we have 

166x 2 + 96x 3 / 2 + 12^/x" + 39x + 3 + 3x 5 + 

v +232x 5 / 2 + 12x 9 / 2 + 96x 7 / 2 + 166x 3 + 39x 4 
9V 6 -V 7 (x) 



3 (4^x" + 6x + 1 + x 2 + 4x 3 / 2 ) (x + 1) 

9 



and 



where 



/3y 6 _y 7 - gve-Vri 1 ) - ^ 



W(a, b) - V 6 (a, b) = ^U 6 (a, b) = ^bf Ue (|) 



/, 6 (x)= ( ^- 1 3 ) / 8 2 ( ;t 8 1 f +1) >°' Vx>0,x/1. (38) 

8. For VY(a, b) < 2 Vg(a, b): Let us consider a function <7y 7 _y 8 (x) = f'v 7 { x )/ fv 8 ( x )- After sim- 
plifications, we have 

15 (4y/x + 6x + 1 + x 2 + 4x 3/2 ) 
gv 7 -Vs(x) = 15x 2 + 28a; 3/2 + 34x + 28^ + 15 ' 

/3y 7 -Vs = ^Vt-VsC 1 ) = 2 

and 

2V 8 (a,&)-V 7 = £/ 2 (a,&). 

9. For Vg(a, b) < |Vn(a,b): Let us consider a function <7y 8 _y n (x) = fv 8 ( x )/fvu( x )- After 
simplifications, we have 

_ x (I5x 2 + 28x 3 / 2 + 34x + 28^ + 15) 
9VS - V ^ {X) ~ /43x 2 + 31x 3 / 2 + 3v^+ 

+12x + 31x 5 / 2 + 3x 7 / 2 + 12x 3 



Pv 8 -Vu = flVs-VnU) = n 



and 



where 



4V 2 (a, 6) - F 4 (a, 6) = ±U 7 (a, b) = hfr 7 (£) , 



fv 7 ( X )= iV ~ X - l) %~^ +1) >0, Vx>0, x + X. (39) 
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10. For Vn (a, b) < | Vi3(a, b): Let us consider a function gvu-Vi 3 (%) = f v (x)/f v (x). After 
simplifications, we have 

43x 2 + 31x 3 / 2 + 3^/i + 12x+ 

, +31x 5 / 2 + 3x 7 / 2 + 12x 3 
SVn_Vis(aO 



and 



where 



/ 3x 3 + 12x 5 / 2 + 19x 2 + \ 

^ X V +22x 3 / 2 + 19x + 12>/x + 3 ) 

3 

/5vn_yi3 = 5 , Vii_Vi 3 ( 1 ) = 2 

Vi 3 (a,6) - Kn(o,6) = ^t/ 8 (a,6) = l&fo (£) , 



n I \ W%— 1) (x + 8^/x+l) 

fu a (x) = — LJ S ->0, Vx>0, x^l. (40) 

x z 

11. For Vi3(a, b) < 3Vi4(a, b): Let us consider a function gv 13 JV 14 (x) = fv 13 (x)/ 'fv 14 ( x )- After 
simplifications, we have 

/ 3x 3 + 12x 5 / 2 + 19x 2 + 

V +22x 3 / 2 + 19x + 12^/5" + 3 



10x 3 / 2 + lOx + 9^ + 6+ 
+10x 2 + 9x 5 / 2 + 6x 3 



and 



where 



/3v 13 -V 14 = QVn-Vu (!) = 3 



3V lA {a, b) - V 13 (a, b) = 2U 9 (a, b) = 2bf Ug ^ } . 
f U9 (x)= { ^- l) y* + l) >Q, Vx>0, x^l. (41) 



12. ForV 2 (a, b) < |V 5 (a, b): Let us consider a function gv 2 -V 5 { x ) = /y 2 ( a; )//y 5 ( x )- After sim- 
plifications, we have 

_ 8 (3x 3 + 6x 3 / 2 + 3x + 8x 2 + x 7 / 2 + 6x 5 / 2 + y/x) 

" '' lJ " r ' ' ! ' ' ' 218x 2 + 174x 3 / 2 + 42^x" + 108x+ 

+15 + 174x 5 / 2 + 42x 7 / 2 + 108x 3 + 15x 4 

/3y 2 -V 5 = 9v 2 -vA l ) = 2 



and 



where 



\v 5 (a,b) - V 2 (a,b) = \u 10 (a,b) = \bf Ul0 (£ 

fu 10 (x)= { l X 2 . ' u >0, Vx>0, x/1. (42) 
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13. For V"5(a, b) < \ Vg(a, b): Let us consider a function gv 5 j/ a (%) = fy s ( x )/fy ( x )- After sim- 
plifications, we have 



9Va-V 2 (x) 



218x 2 + 174x 3 / 2 + 42^/x + 108x+ 
+15 + 174a; 5 / 2 + 42x 7 / 2 + 108x 3 + 15x 4 

2 / 35x 2 + 32x 3 / 2 + 6^ + 9x + 60x 5 / 2 + 
4 (VX + lj V +6^ 9/2 + 32x 7 / 2 + 35x 3 + 9x 4 



/3y 5 -v 9 =flV S -V 8 (l) = 7 



and 



where 



AV 2 (a,b)-V 4 (a,b) = Vn(a,6) = ^6/a u (£) , 



Ma (*) = (Vi+ ^ ( ^ 1)10 > 0, Vx > 0, x / 1. (43) 

or (x + 1) 

14. For Vg(a,b) < 2 Vi2(a, b): Let us consider a function <?y 9 _y 12 (x) = fy g (x)/ fy 12 (x). After 
simplifications, we have 



2 / 35x 2 + 32x 3 / 2 + 6^ + 9x + 60x 5 / 2 + \ 

WX + ij V +6X 9 / 2 + 32x 7 /2 + 35a; 3 + g x 4 J 



ffF9 - yi2 (x + l) 3 (l2x 5 /2 + 27x 2 + 34x 3 / 2 + 27x + 12^) 

/V 9 _Vi2 = SVg-ViaC 1 ) = 2 

and 

2Vi 2 (a,6)-V r 9(o,6) = Z7 11 (o,6). 

Combining the parts 1-11, we get the proof of the inequalities ([31). The parts 12-14 give the 
proof of 432). □ 

2.4 Third Stage 

The proof of above 14 parts give us some new measures. These are given by 

U t {P\\Q):=i2^fu t {-\ t = l,2,...,ll, (44) 

where fu t (x), t = 1, 2, ..., 11 are as given by d33l)-(|43l respectively. In all the cases, we have fu t ( 1 ) = 
0, t = 1, 2, ..., 11. By the application of Lemma 1.1, we can say that the above 11 measures are 
convex. Here below are the second derivatives of the functions J33l- (|43l , applied frequently in 
next theorem. 
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and 



„ HVxj- l) 6 (y/x + l) 2 (x 2 + x 3 / 2 + 3x + yi + 1) 

/C/1(X) " X 3 (x + 1) 3 

-// / x _ (^/i-l) 6 (15x + 26Vi+15) 
IU2[X) ~ 4x3 (x + 1) 3 



/%( x 



6 / 15x 4 + 54x 7 / 2 + 144x 3 + 246x 5 / 2 + \ 

^ X ' V +314x 2 + 246x 3 / 2 + 144x + 54^x + 15 ) 



U ^> ~ o-7/2/._ , i\3 



fuA x 



2x 7 /2 ( x + 1) 

297x + 960x 2 + 27 + 612x 3 / 2 + 
2 (y/x - l) 6 [ +102^/i + 1156x 5 / 2 + 612x 7 / 2 + 
+102x 9 / 2 + 27x 5 + 297x 4 + 960x 3 



x 4 (x + 1) 
/ 73x + 312x 2 + 3 + 180x 3 / 2 + 
2 (y/x - if +18^x" + 312x 3 + 180x 7 / 2 + 

V +396x 5 / 2 + 18x 9 / 2 + 3x 5 + 73x 4 

fuM= x 4 (x + l) 3 

( r - if ( 462x3/2 + 462a;5/2 + 90 v^ + 602x 2 + \ 
„ ™ x ' V +252x + 90x 7 / 2 + 15x 4 + 252x 3 + 15 ) 

fu&{x) = 4x 7 / 2 (x + l) 3 

.. ( yft - l) 6 (24x 2 + 9x 3 / 2 - lOx + Vy/x~ + 24) 
fu 7 ( x ) = 



4x 4 

\6 



fuM 



2 (y/x - 1) (3x 2 + 18x 3 / 2 + 28x + 18Vx + 3) 



178 W ~ x 4 

6 



„ _ (y/x - if (I2x 2 + 27x 3 / 2 + 34x + 27^ + 12) 

JUg{ X ) ~ ^4 

8 / 15x 3 + 40x 5 / 2 + 77x 2 + \ 

„ , ,_ V +96x 3 / 2 + 77x + 40^ + 15 ) 

fUlo(x) ~ 4x 7 / 2 (x + l) 3 



, r _ ,8 ( 3x 4 + 9x 7 / 2 + 22x 3 + 35x 5 / 2 + \ 
„ lVX j V +42x 2 + 35x 3 / 2 + 22x + 9^ + 3 J 

/t/iiW —, — —T3 • 

x 4 (x + 1) 
The theorem below connects only the first nine measures. The other two are given later. 
Theorem 2.3. The following inequalities hold: 

c/i < ^ 6 < ±u 3 < { |^ 5 } < ±U 8 < \U 9 < \U 7 . 



(45) 
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Proof. We shall prove the inequalities (|45)) by parts and shall use the same approach applied in the 
above theorems. Without specifying, we shall frequently use the second derivatives f£ (x),t = 
1,2, ...,11. 



L, ^, ..., 



1. For Ui(a, b < ^U6(a, b): Let us consider a function fl r t/ 1 _(7 6 (x) = f{j x (x) / ' fjj 6 { x )- After sim- 
plifications, we have 

x (3x + 3x 3 + 8x 2 + x 1 / 2 + 6x 3 / 2 + 6x 5 / 2 + y/x) 

! " ' "' " ' ''' j / 462x 3 / 2 + 462x 5 / 2 + 90 ^x" + 602x 2 

+252x + 90x 7 / 2 + 15x 4 + 252x 3 + 15 

PuiJVe = fff/i.C/eC 1 ) = ^jjj 

and 

lc/ 6 (a,6)-t/i(a,6) = ^t/io(a,6). 

2. For Ue(a, b) < ^jU 3 (a, b): Let us consider a function gu 6 jj 3 ( x ) = fu 6 ( x )/fu 3 ( x )- After 
simplifications, we have 

462x 3 / 2 + 462x 5 / 2 + 90y^ + 602 
v +252x + 90x 7 / 2 + 15x 4 + 252x 3 + 15 

gu e _u 3 (x) 



9 246x 3 / 2 + 246x 5 / 2 + 54^/x" + 314x 2 + ^ ' 
" +144x + 54x 7 / 2 + 144x 3 + 15x 4 + 15 



and 



(3u 6 -u 3 - auii-Usi 1 ) - yy 



10 9 

— U 3 (a,b)-U 6 (a,b) = — U 10 (a,b). 



3. For Ua(a, b) < ^Us(a, b): Let us consider a function gu 3 JJ 5 (x) = fu 3 ( x )/fu ( x )- After 
simplifications, we have 

246x 3 / 2 + 246x 5 / 2 + 54^/x" + 314x 2 + 

, +144x + 54x 7 / 2 + 144x 3 + 15x 4 + 15 
9u 3 jj 5 {x) 



. 73x 3 / 2 + 312x 5 / 2 + 3y/x + 180x 2 + 73x 9 / 2 + 

! +312x 7 / 2 + 180x 4 + 396x 3 + 3x n /2 + 18x 5 + 18x 



and 



where 



11 

Pu 3 -u s = gu 3 ju h v) = ^ 



^U 5 (a,b) - U 3 (a,b) = ^U 12 (a,b) = ±bf Uvi (|) , 



, (V^-l) 10 (Hx-2^+ll) . w . , r ,.,. 

f Ul2 (x) = ^ J( x + 1 ) > °' Vx > 0, x / 1. (46) 
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4. For U3 (a, b) < yU2(a, b): Let us consider a function gu 3 jj 2 (x) = fu ( x )/ f'u 2 ( x )- After 
simplifications, we have 

/ 246x 3 / 2 + 246x 5 / 2 + 54^ + 314x 2 + 
\ +144x + 54x 7 / 2 + 144x 3 + 15x 4 + 15 

gus-Uiix) = 



(15x + 26^+15)(x + l) d 

Pu 3 _u 2 = 9U 3 M 2 ( l ) = y 

and 

^U 2 (a,b)-U 3 (a,b) = 7 -U 10 (a,b). 

5. For U2(a,b) < ^Us(a, b): Let us consider a function gu 2 JJ%{x) = fu 2 ( x )/fu 8 ( x ^ After 
simplifications, we have 

, , v/^(15x + 26 v / x + 15) 

9u 2 JU a (x)- 



8 (3x 2 + 28x + 18x 3 / 2 + 18VS + 3) ' 

This gives f3u 2 JJ 8 = 9u 2 jj s (1) = jo- Let us consider now, 
and 

^U 8 (a,b) - U 2 (a,b) = ±U 13 (a,b) = ^bf Ul3 Q , 

where 

fu 13 (x) = WX x2 ' >0, Vx>0, x^l. (47) 

6. For U5(a, b) < ^Us(a, b): Let us consider a function gu 5 JJ B ( x ) = fus( x )/ ' fu 8 ( x )- After 
simplifications, we have 



gu 5 -u 8 ( x ) 



and 



where 



73x 3 / 2 + 312x 5 / 2 + 3y/x + 180x 2 + 18a; + 73x 9 / 2 
+312x 7 / 2 + 180x 4 + 396x 3 + 3X 11 / 2 + 18x 5 
(3x 5 /2 + 28x 3 / 2 + 18x 2 + 18x + 3y/x) (x + l) 3 

14 

PU 5 -U 8 - dUs-Usi 1 ) - ~T 

14 9 9 /a\ 

-U 8 (a,b) - U 5 (a,b) = -U u (a,b) = -bf Ul4 (J , 

, , , {y/x - l) 10 (x + lO^x" + 1) n w n _ .... 

/ [/l4 (x) = ^ ^ ^ + 1} V ->0, Vx>0, x/1. (48) 



7. For Us(a, b) < |Ug(a, b): Let us consider a function gu 8 -U g (x) = fu 8 {x)/fu 9 {x). After sim- 
plifications, we have 

, . 4 (3x 2 + 18x 3 / 2 + 28x + 18^ + 3) 

gua-u 9 {x)- 



12x 2 + 27x 3 / 2 + 34x + 27^/x + 12 ' 
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5 
Pu&Mg = gu s -u g {l) = 2 

and 

^U 9 (a,b)-U 8 (a,b) = ^U 13 (a,b), 

8. For Ug(a, b) < 4\Jr(a., b): Let us consider a function gugJJ 7 ( x ) = fu g ( x )/fu 7 ( x )- After sim- 
plifications, we have 

2 (l2x 2 + 27x 3 / 2 + 34x + 27^ + 12) 
gu 9 M 7 (x) = 2 4x 2 + 9x 3 / 2 -10x + 9^ + 24 ' 

PugJJ 7 = 9U 9 JJ7 (1) = 4 

and 

4C/ 7 (a,5)-[/ 9 (a,6) = 3C/i 3 (a,6). 

Combining the parts 1-8, we get the proof of the inequalities ([45]). □ 

2.5 Forth Stage 

Still, we have more measures to compares, i.e., U\o to Uu. This comparison is given in the theorem 
below. Here below are the second derivatives of the functions given by i 



f\jvA x ) 

fu 13 ( x ) 



8 / 15x 3 + 40x 5 / 2 + 77x 2 + \ 

WX ~ } V +96x 3 / 2 + 77x + 4(Vi+15 J 
4x 7 / 2 ( x + i) 3 

( r - n 8 f 15x3 + 40x5/2 + 77x2+ ^ 

WX j V +96x 3 / 2 + 77x + 40^ + 15 J 



and 



/c/ 14 ( x ) 



4a: 7 /2 ( x + !) 



_ 8 / 3x 4 + 9x 7 / 2 + 22x 3 + 35x 5 / 2 + 
^ X ~ ' V +42x 2 + 35x 3 / 2 + 22x + 9^ + 3 



x 4 (x + 1) 

Theorem 2.4. The following inequalities hold: 

U 10 < ±U U < \U n < \U n < ±U l2 . (49) 

Proof. We shall prove the above theorem by parts. 

1. ForUio(a,b) < ^Ui 4 (a,b): Let us consider a function cft/ 10 jy 14 (x) = fu 10 ( x )/fu 14 ( x )- Af ~ 
ter simplifications, we have 

/ 15 + 77x 2 + 77x + 40x 5 / 2 + 

X V +15x 3 + 40^ + 96x 3 / 2 
9UioMiA x ) = ■ 



62x 3 / 2 + 138x 5 / 2 + 2,^/x + 112x 2 + 
24x + 3x 9 / 2 + 62x 7 / 2 + 24x 4 + 112x 3 
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and 

— U 14 (a,b) - U 10 (a,b) = —U 15 {a,b) = —bf Ul5 (-J . 

where 

fu 1B (x)= ^"^ >0, Vx>0, x/1. (50) 

X z [X + 1) 

2. ForUi4(a,b) < 3Un(a,b): Let us consider a function gu 14 jJn(x) = fu 14 ( x )/ fun( x )- After 
simplifications, we have 

62x 3 / 2 + 138a; 5 / 2 + 3^ + 112x 2 + 
, +24x + 3x 9 / 2 + 62x 7 / 2 + 24x 4 + 112x 3 

+9x + 3x 9 / 2 + 22x 7 / 2 + 9x 4 + 35x 3 

Pui4-Un = 9Ui 4 Mn(l) = 3 
and 

3Uu(a,b)-Uu(a,b) = 2U 15 {a,b). 

3. For Un(a, b) < 2 Ui3(a, b): Let us consider a function <7t/ n jy 13 (x) = f{j (x)/flj . (x). After 
simplifications, we have 

22x + 42x 2 +3 + 35x 3 / 2 + 



V + 9 Vx + 3x 4 + 22x 3 + 9x 7 / 2 + 35x 5 / 2 

9UuMi 3 {x) = — p— — 3 , 

3 (4x + "\Jx + 4) (x + 1) 
Puu-Ui3 = dUiiMrsi 1 ) = 2 

and 

2U 13 (a,b) - U u (a,b) = U 15 (a,b). 

4. ForUi 3 (a,b) < ^Ui 2 (a,b): Let us consider a function gu 13 JJ 12 {x) = fu l3 ( x )/fu 12 ( x )- After 
simplifications, we have 

, ) = 3(4x + 7^ + 4)(x + l) 3 

guu-uuW - , U2x + 174x2 + 33 + 154a; 3 /2 + 54 ^_ + 

V +33x 4 + 122x 3 + 54x 7 / 2 + 154x 5 / 2 

PU13-U12 = gun-Uui 1 ) = ^Q 
and 

±U 12 (a,b)-U 13 (a,b) = ^U 15 (a,b). 



D 



Remark 2.3. Interestingly, in all the four cases we are left with only a single measure, i.e., U\^(a, b) given 
by 

(^-Vb) 12 

U 15 (a,b) = ±— 2- '—, a,b>0, a^b. (51) 

(ab) [a + b) 
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2.6 Equivalent Expressions 

The measures appearing in the proof of the Theorems 2.2-2.4 can be written in terms of the mea- 
sures appearing in the inequalities ©. Here below are equivalent versions of these measures. 

• Measures appearing in Theorem 2.2. We can write 

Vi = K + 26A - 48D CN 

= K + 30D CN - 26D CG 

= K + UD CG ~ 30D RG 

= K + 12D RG -28hD RG , 
V 2 = $ + 64/i - 4A - 8K, 
V 3 = * + 108A - 192D CN 

= * + 132D CN ~ W8D CG 

= * + 68D CG - 132D RG 

= * + 72D RG - 136/i, 
V 4 = q> + 32/1 - 6K, 
V 5 = 2{F + 6K-AA- 3*) , 
V 6 = 2 (F + 164A - 288D CN ) 

= 2{F + 204D CN - IUD CG ) 

= 2{F + W8D CG - 204D RG ) 

= 2{F + 120D RG - 216/0 , 
V 7 = 2{F- 10K + 64/t) , 
y 8 = 2 (F + 2K - 2*) , 
V 9 = L + 16A" - 16A - 8F, 
Vio = L + 880A - 1536£> C jv 

= L + 1104£>cw - 880L> CG 

= L + 592D CG - 1104D/JG 

= L + 6724D RG - 1184/i 
V n = L + 384/i - 56if, 
Vi 2 = L + 12* -8K- 12F, 
Vig = L + 16K - 12*, 
Vi 4 = L + 4* - 8F. 
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• Measures appearing in Theorem 2.3 and 2.4. We can write 

U x = m + 192D CN - 100A - 8K, 

U 2 = 2(F + UK - 64/i - 4*) , 

U 3 = AF + 576D CN - 316A - 9*, 

U A = 9L + 4608-Dcw - 2576A - 64F, 

U 5 = \ (7L + 6144ft + 13824DciV - 896K - 7920A) , 

U 6 = I (5F + 576/i + 1152£> CA r - 90K - 656A) , 

U 7 = L + 384/i + 36* - 92K - 18F, 

U 8 = L + imK - 36* - 768/i, 

U% = L + 12* - 8K - 12F, 
U 10 = 2(F + 22K + 4A - 5* - I28h) , 
C/ii = L + 16A + 24* - 16F - 32K, 

U 12 = \ (77L - 9856K + 67584/i - 73728£>cat + 36752A - 1568F + 3528*) , 
U 13 = L + 44* - 120K + 512/i - 20F 

U u = \(7L- 392* + 2240K - 11776/i - 7680D C at + 4400A) , 
Ui 5 = \ (7L + 448A - 1456K + 9728/i - 7680£>cw + 3728A - 168F) . 

3 Generating Divergence Measures 

Some of the measures given in Section 2 can be written in generating forms. Let us see below these 
generating measures. 

3.1 First Generalization of Triangular Discrimination 

For all (a, b) G R+, let consider the following measures 

2« 



(a-b) 2 (^-Vb) 
A](a,b) = V ; _ N / , t = 0,1,2,3,... (52) 



(a + b) ( Vab 
In particular, we have 



Ai = A 



2 



^0 



(a + b) ' 



a-ft) 2 ^-^) 2 



(a - 6) 2 f Va " ^ 4 

A^ = * - AK + 4A = -} — 

ab(a + b) 
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and 

{a-b) 2 [yE-Vb) { 



A^ = V 5 = 2 (F + 6K - 4A - 3*) 



{abf 2 (a + b) 



The expression fl52l gives first generalization of the measure A (0,6). Let us prove now its 
convexity. We can write A* (a, b) = bf A i(a/b), t G N, where 

_ (x-l) 2 (^/i-l) 2t 

/aJW- — ; ; 1W ^ — • I 53 ) 

(x + 1) (v^) 

The second order derivative of the function / A i (x) is given by 



(v^-1 



,2/, 



At ' 4x 2 (x + l) 3 (^) 

where 

i (t + 2) (x 4 + 1) + It (2i + 1) ^/x" (x 3 + 1) + 



Ai (x, t) = [ +4t (2t + 3) x (x 2 + l) + 4 (7t 2 + 10* + 16) 
+2t(6t + ll)x 3 / 2 (x + l) 



x 



2 



For all t > 0, x > 0, x 7^ 1, we have / Al (x) > 0. Also we have / A i (1) = 0. In view of Lemma 
1.1, the measure A 1 (a, 6) is convex for all (a, 6) G R+, t € N. 



Now, we shall present exponential representation of the measure ((52)) based on the function 
given by d53l) . Let us consider a linear combination of convex functions, 

/ A i(x) = o / A i(x) +ai/ A i(x) + a 2 / A i(x) +a 3 f A i(x) + ... 

X + 1 (x + 1) yjx " X (x + 1) 

(x-l) 2 (^-l) 6 , 
+a 3 - 



(x) 3/2 (x+l) 
where clq, 01, 02, 03, -.are the constants. For simplicity let us choose, 



° ~ 0!' 0l ~ IT' ° 2 ~ 2!' ° 3 ~ 3! : 



Thus we have 



l (x-l) 2 l (x-l) 2 (y^-l) 2 l (x-l) 2 (y^-l) 4 
/AH ; 0! x + 1 1! (x + l)v^ 2! x(x + l) 



l (s-l) 2 (VJ-l) b 

3! (x) 3/2 (x + 1) 



(x - l) s 

x+ 1 



i_ , 1 / (v^-i^ y 1 Av^-i) 2 ^ 2 1 Av^-in 3 

0! ^ 1! V v^i / 2! I v^F / 3! V v^ ] 
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This gives us 

x + 1 V v x 



As a consequence of (p4|) , we have the following exponential representation of triangular dis- 
crimination 

E A i(a,b) = bf A i(a/b) = ^^exp (^^-) , (0,6) G RL (55) 



a + b \ ^fab 

3.2 Second Generalization of Triangular Discrimination 

For all (a, b) 6 R+, let consider the following measures 



In particular, we have 



(„ _ M 2 (*+i) 

A 2 (a,fe) = t = 0,1,2,3,... (56) 

(a + 0) (aoj 



A-(«-"> 2 



a + 6 



and 



A? = 2D 2 ' = * - 4A 



(g ~ &) 4 

afr (a + b) 



The expression d56l) gives us a second generalization of the measure A (a, b). Let us prove now 
its convexity. We can write A 2 (a, b) = b f A 2 (a/b), t£N, where 

f M (v^-l) 2(m) 
f ^ {x)= (x + l)x* ■ 

The second order derivative of the function / A 2 (x) is given by 

where 

A 2 (x, t) = t (t + 1) (x 4 + 1) + 2t (2t + 3) x (x 2 + l) + 2 (3£ 2 + 5i + 4) x 2 . 

For all t > 0, x > 0, x 7^ 1, we have f'l 2 (x) > 0. Also we have /a 2 (1) = 0. In view of Lemma 
1.1, the measure A 2 (a, 6) is convex for all (a, 6) G R+, t 6 N. 

Following similar lines of (|54]) and ((55"1) , the exponential representation of the measure A 2 (a, 6) 

is given by 

n , ,, (a-b) 2 f(a-b) 2 \ . ,. - 
E A2 (a,b)= V ■ I exp p -i- , (a,t)£R 2 + . 



a + 6 V afr 
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3.3 First Generalization of the Measure K(a, b) 

For all (a, b) e R+, let consider the following measures 



21 



(a-b) 2 (^E-Vb) 
K l t {a,b) = ; v ' , t = 0,1,2,3,... (57) 



In particular, we have 



ab 

(a-b) 2 (^-Vb) 2 
K\ = 2D$ 7W6 = ^-2K = ^ '-, 

(a-b) 2 (^-Vb 
K\ = V s = 2 (F + 2K - m) = — 



(ab) 



3/2 



and 



(a-b) 2 (^-Vb) 

K\ = Vi2 = L + 12* -8K- 12F = i— = '—. (58) 

(a&) 

The expression d59l) gives first parametric generalization the measure -fC(a, b) given by (J3)). Let 
us prove now its convexity. We can write K^(a, b) = bf K i(a/b), t € N, where 

(x-l) 2 (y^-lf 



The second order derivative of the function f K i (x) is given by 



(v^-1 



,2f 



f'irl(z) = TXT x AsixA), 

K ^ ' 4x 2 (^) + 
where 

A 3 (x, i) = (t + 1) (t + 3) (x 2 + l)+2t (2* + 3) v 7 ^ (x + 1) + 2 (3t 2 + 2t + l) 



x. 



For all t > 0, a; > 0, x ^ 1, we have f' x (x) > 0. Also we have f K i (1) =0. In view of Lemma 
1.1, the measure K^(a, b) is convex for all (a, b) E R+, ieN. 

Following similar lines of l|54l and (|55l ), the exponential representation of the measure Kj(a, b) 
is given by 



'a-voi I (a-bY 

E Ki (a. h) ' ^_ ^ exp f ^=J- I , (a, 6) € R\. 
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3.4 Second Generalization of the Measure K(a, b) 

For all (a, b) G R+, let consider the following measures 



K't(a,b) = ^ L_ r ,t = 0,1,2,3,... (59) 



In particular, we have 



KZ = K= {a - b) 



and 



' ab 



Kl = ±D™=F-2K- ( " h) 



w 8 w 6 (a6)3/2 - 

The expression J59l gives second generalization the measure K{a,b) given by ©. Let us prove 
now its convexity. We can write Kf(a, b) = b f K 2 (a/b), t G N, where 

fx?{ '~ (vs) 2,+1 ' 

The second order derivative of the function f K 2 (x) is given by 

where 

Ai(x, t) = (2t + 1) [2tx 2 + 3x 2 + 2 (2i + 1) x + 2t + 3] . 

For all t > 0, x > 0, x 7^ 1, we have /^ 2 (x) > 0. Also we have /x 2 (l) = 0- m view of Lemma 
1.1, the measure Kf(a, b) is convex for all (a, b) G R+, t G N. 

Following similar lines of d54l and (BBl , the exponential representation of the measure Kf(a, b) 
is given by 

£^ 2 (a, 6) = v ^ 7 exp ^ -J- , (a, b) G R 2 + . 



*ab \ ab 

3.5 Generalization of Hellingar's Discrimination 

For all (a, b) G R+, let consider the following measures 

2(M-1) 



Vb) 

ht(a, b) = ± r — ^ , t G N (60) 

ab) 
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In particular, we have 

h = 2h= f Vo - vlT) , 



h l = D$ eW5 =K-8h 

'a - y/b" 

h 2 = V 4 = ^ + 32h-6K 

ab 

a - Vb) 
h 3 = U 2 = 2(F + UK - 4* - 64ft) 



(ab) 



3/2 



and 



/5-V5) 

/i 4 = f/i3 = L + 44* - 120if + 512/i - 20F = ^ ^— . 

(ab) 2 

The measure d60l give generalized Hellingar's discrimination. Let us prove now its convexity. 
We can write h t (a, b) = b fi H (a/b), t G N, where 

The second order derivative of the function f^ t (x) is given by 

4(Vx) 

where 

A 5 (x, t) = f (t + 2) v 7 ^ (x + 1) + 2 (i 2 + t + l) x. 

For all t > 0, x > 0, x 7^ 1, we have /£' (x) > 0. Also fh t (X) = 0- m view of Lemma 1.1, the 
measure ht(a,b) is convex for all (a, 6) G R 2 ^ , £ G N. 

Following similar lines of (|54l and d55l) , the exponential representation of the measure h t (a, 6) 
is given by 

2 { I V a ~ v^J 
E fc (a, 6) = ( v 7 ^ - v 7 ^) exp I ^ -=-!- I , (a, 6) G R*.. 



3.6 New Measure 

For all P, Q G T n , let consider the following measures 

/ ._\ 2(t+2) 

Af t (o,6) = -^ / n , t = 0,1,2,3,... (61) 

(a + 6) ( v 7 ^ 
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In particular, we have 



7 , ( Va ~ Vb) 

Mo = ^U = VDcn - 7A = V {a + h) J 

a-VbY 



Mi = Vi = K + 26A - A8D CN 



(a + b) \fab 

>a, - Vb 



M 2 = Ux = ^ + 192D CN ~ 100A - 8K 



ab (a + b) 

(\a-v&V° 

M 3 = t/io = 2 (F + 221T + 4A - 5^ - 128ft) 



(a + 6) (a6) 3/2 



and 



a — v6 



12 



_ 1 / 7L + 448A - U56K + 3728A+ \ _ _, 

4 " 15 " 7 V +9728/1 - 7680D CiV - 168F J " ? ( a + b) (ab) 2 ' 

Let us prove now the convexity of the measure (3.17). We can write M t (a, b) = b fM t ( a /b), 
t 6 N, where 

i-d 2,,+2) 



MW -(* + i)U/i)'' 

The second order derivative of the function fu t {x) is given by 

(x - l) 2t+2 

&w= i^ifbp x ^ ( ''"' 

where 

4 / ,x _ f 2 (t 2 + 3t + 2) x (x 2 + 1) + 4 (t 2 + 3t + 6) x 2 + 

6iX ' j " V +t (t + 2) ^ (x 3 + 1) + (3t 2 + Ut + 8) x 3 / 2 (x + 1) 

For all t > 0, x > 0, x / 1, we have f M (x) > 0. Also we have /m 4 (1) = 0. In view of Lemma 
1.1, the measure M t (a, 6) is convex for all (a, b) G R+, £ e N. 




Following similar lines of (|54j) and (|55j) , the exponential representation of the measure M t (a, b) 
is given by 

(a — b) 

E M [a, b) = — — exp 

a + b 

Remark 3.1. (i) The first ten measures appearing in the second pyramid represents the same measure 
(141 and is the same as Mq. The last measure given by $52} is the same as M4. The measure d52l > is 
the only that appears in all the four parts of the last Theorem 2.4. Both these measures generates an 
interesting measure (f6lT ). 
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(ii) The measure K\ appears in the work of Dragomir et al. 0. An improvement over this work can be 
seen in Taneja 0. 

(Hi) Following similar lines of (1541 ) and (I5"5D , the exponential representation of the principal measure 
L t (a, b) appearing in £5]) is given by 

2{a-bf fa + b\ . ,. d2 



E A (a, b) = v ' exp — = , (a, b) e R^. (62) 

a + b \2VabJ 

We observe that the expression ( f62l > zs KftZe different from the one obtained above in six parts. Applica- 
tions of the generating measures ©, d52D , (1561 , (l57l >, (I5"9l , ([60l > and (f6lT ) along with their exponential 
representations shall be dealt elsewhere. 
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